Let K be a CW complex with an aspherical splitting, i.e., with subcomplexes ϋΓ_ and K + such that (a) K-K-UK+ and (b) iΓ_, K 0 =K-ΠK +1 K + are connected and aspherical. The main theorem of this paper gives a practical procedure for computing the homology H*K of the universal cover K of K. It also provides a practical method for computing the algebraic 2-type of K 9 i.e., the triple consisting of the fundamental group π x K, the second homotopy group π 2 K as a TΓilΓ-module, and the first /^-invariant kK.
Note to reader. This paper has been written to be read in any one of three modes, i.e., as Mode 1. A mathematical treatise. Read § § I through XII. To understand only the main theorem (Theorem 7.1), read the caveat below and § § III through VII.
Mode 2. A "handy man's manual" for computing algebraic 2-type. In this mode only a rudimentary understanding of [11] is needed. To compute the algebraic 2-type of:
(i) 2-knot complements, then read only § II, Theorem A 2.1, Observations 1 through 3 and the Hint (all of Appendix A), and Appendix B.
(ii) 3-manifolds, then read only Theorem A 2.1, Observations 1 through 3 and the Hint (all of Appendix A).
(iii) Arbitrary spaces with aspherical splittings, then read all of Appendices A and B.
Mode 3. A paper to browse through on a lazy Sunday afternoon. Use the table of contents and begin by browsing in any section. All terms not defined within a section are referenced back to their place of definition.
2.1).
Finally, I would like to thank the referee for his helpful comments.
I Brief historical development* The development of the work on the homotopy groups of knots had its beginnings in the early 1900's when Dehn and Wirtinger found a method for computing the fundamental group of 1-knots. Later in 1957, Papakyriakopoulos [53] determined all the higher homotopy groups of 1-knots by proving his famous theorem on the asphericity of knots. This theorem essentially says that all the higher homotopy groups of 1-knots vanish, and hence, that the homotopy type of a 1-knot complement is completely determined by its algebraic 1-type (i.e., by its fundamental group).
Mathematicians then turned to higher dimensional knots, seeking methods for computing their homotopy groups and looking for a higher dimensional analogue of Papakyriakopoulos' theorem on the asphericity of knots. In 1962 Pox [21] gave a way to compute the fundamental group of 2-knots from their motion picture representations. He then asked in problem 36 of [22] for a method for computing the second homotopy group (as a π r module) of locally flat PL 2-knots.
In this paper, a method is given for computing the second homotopy group as a T^-module of smooth (or locally flat PL) 2-knots, thus solving problem 36 of Fox. We then ask if the homotopy type, of a 2-knot complement is determined completely by its algebraic 2-type. Some evidence (Theorem 10.1) is given suggesting that this might indeed be true. A method for computing the complete algebraic 2-type of smooth (or locally flat PL) 2-knots is given.
REMARK. Please refer to the bibliography for a more complete historical development. (Also see [37] and [62] .) II* The diagram of a 2-knot* If we are to compute the algebraic 2-type of a 2-knot, we will first need a convenient way of representing such knots. We will utilize Fox's motion picture representation of knots, i.e., a representation in terms of a parameterized family of 3-dimensional cross-sections [21] . We will then carry this method one step further by showing that essentially only one single 3-dimensional cross-section, the so called 0-level, is needed.
As mentioned in § 0, (S\ kS 2 ) will denote a smooth (or locally flat PL) 2-knot. Throughout this section K will denote its exterior, i.e., S 4 with a small open tubular neighborhood of kS 2 
removed.
For a given function τ: (S 4 , ©o) -> (S 1 , oo) and for each point t in the 1-sphere S\ define the t-level as If the time function τ is suitably chosen, then the ^-levels K t are the 3-dimensional cross-sections mentioned above.
There is no need to consider arbitrary time functions τ. More particularly, we will show that we need only consider τ of the following type. DEFINITION 2.1. A smooth (or PL) mapτ: (S\ oo) _> (S\ oo) such that τ~x(oo) = oo is a hyperbolic time function of an exterior K of a 2-knot (S\ kS 2 ) provided: (1) τ| fcS 2 has only finitely many critical points, all of which are nondegenerate and none of which is the point at oo.
(2) All elliptic points occur at levels K_ x and K +ί . A hyperbolic time function of the trivial 2-knot is shown in Figure 1 . One of the spun trefoil is given in Figure 2 .
A quick glance at Figures 1 and 2 will convince the reader that the above method of representation is highly redundant. The entire knot can be completely reproduced from the 0-level K o and a set of labels (one for each hyperbolic point) indicating how the hyperbolic points open up above, i.e., for t > 0. We are thus led to the following convenient and compact representation of 2-knots. 2 ) arising from a hyperbolic time function. Then a diagram of (S\ kS 2 ) is a regular projection of K o with over and under crossings indicated in the standard way and with hyperbolic points labeled as shown in Figure 3 .
By Theorem 2.1, all smooth (or locally flat PL) 2-knots have a diagram. Diagrams of the trivial 2-knot and of the spun trefoil are If G is a group system and G a group, then a morphism f: G -> G from 6? into 6 is a collection of morphisms / α : G a -^G for α = --,0, + such that the diagram
The image of /" is the subgroup of G generated by the images of all the morphisms in f. The morphism f is said to be an epimorphism if its image is G itself. DEFINITION 3.1. A direct limit (push-out) of a group system G is a group G together with a morphism f .G^G such that (1) f is an epimorphism.
(2) For every group G' and morphism f'\ G -• G', there exists a morphism h:G-+G' such that f' = hf, i.e., fί = hf a for a=-, 0, +. The group G will be denoted by lim G and the morphism f by THEOREM 3.1 [10] . Every group system has a direct limit unique to within isomorphism.
The following gives some insight into the geometric significance of the above material. More will be said in later sections. DEFINITION [65] .)
A G-chain complex C is a sequence of left G-modules C q for each integer q together with G-morphisms d q : C q -> C q _ x such that (1) C q = 0 for q < 0 and (2) d q+1 d q = 0 for all q. C is said to be free if C q is a free left G-module for all q. An augmentation ε of C is a G-morphism ε: C o -> ^ such that εδ 0 = 0 and ε(xc 0 ) = ε(c 0 ) for all x e G and c o eC o . C is said to be augmentable if there exists an augmentation for C. An augmentable G-chain complex C together with an augmentation is called an augmented G-chain complex (which is also denoted by the same symbol C).
If C and C" are augmented G-chain complexes, then a chain mapφ: C ->C defined in dimensions up to q is a sequence of G-
Given two chain maps^, ψ: C ->C defined up to dimension #, a chain homotopy D from ψ to ψ in dimensions not greater than q, written
is a sequence of G-morphisms Z>,:
where for i = 0, A-i9* i s omitted. If such a chain homotopy exists, then φ and ψ are said to be chain homotopic in dimensions not greater than q, written φ = ψ (dim ^ g). Two chain maps homotopic in dimensions not greater than q induce the same homomorphism of the integral (reduced) homology groups for 0 ^ i < q.
A chain map 9: C-^C" defined up to dimension q is said to be a chain equivalence in dimensions not greater than q if there exists a chain map ^':C'~>C defined up to dimension q such that φψ ~ V (dim <^ q) and φ'φ = 1 (dim <: q) where 1 and 1' denote the identity chain maps on C and C respectively. Such a chain equivalence induces an isomorphism of the integral (reduced) homology groups for 0 <£ i < q. DEFINITION 4.1. Let C be a (augmented) free G-chain subcomplex of a (augmented) free G-chain complex C. Then C is a proper free subcomplex of C or C is a proper extension of C provided for all q (1) C q is a G-direct summand of C q , and (2) CJC q is a free left G-module. V* Free resolution systems* A more general and slicker formulation of this material is given in [43] . The definitions of § § III and IV are assumed. By a free resolution over a group G is meant an augmented free G-chain complex C such that . Let C be a free resolution system over a group system G with G = lim (?. A direct limit (push-out) of C is an augmented G-complex C and a chain mapΦ': C-^C such that (1) Φ is an epimorphism and, (2) For every augmented G-complex C and chain map Φ':C-> C", there exists a chain map p: C -> C" such that Φ' = pΦ. Such an augmented G-complex C will be denoted by lim C and Φ by Φ~.
The direct limit defined universally above will now be defined constructively. The following theorem will be of use in the calculation of the algebraic 2-tyρe of 2-knots. DEFINITION 6.1. Let G be a group and C an augmented free Cr-chain complex. Let q be a nonnegative integer such that 72^(7=0 for ί < q. Then a q-completion C of C is a free resolution over G such that
(1) C is a proper extension of C (see Def. 4.1.).
(2) C, = Ct and 9, = 9< for i ^ q.
Let G, C, C, and q be as in the above definition and let id: C -> C be the identity chain map defined in dimensions up to q. The obstruction k(C, C) to extending id to C q+ι is the (q + l)-cocycle
The invariance of the above cohomology class is given by the following theorem. for all q and for a = -, 0, +.
6.1), then the 3-cocycle k(C, limC) given by
Next let C be a 2-completion of lim C; then from § 6 an obstruc- (7) is precisely the geometric definition of the k-invariant kK given in [14, 15] except that the resolution C is used instead of the bar resolution.
This proves the theorem for a particular free resolution system over G. Let C" be any other free resolution system over G and let (C' = lim C", C'-, C' + ) be the associated triad of C". Then from § V, the associated triad of C" is chain homotopic to (CK, CK~, CK + ). Finally, let C' be a 2-completion of C'. Then from § VI, (C, &) is chain equivalent to (C, CUT) and the general theorem follows.
• REMARK. Theorem 7.1 holds for more general aspherical splittings and group systemt. This is why the phrases "aspherical splitting" and "group system" are used above rather than "aspherical triad" and "group triad". (See [43] The second homotopy groups of 2-knots were originally computed from the above short exact sequence [41, 42] . The method given in this paper is a more general procedure of calculation. For 2-knots and 3-manifolds, this procedure of course reduces to the use of the above exact sequence. The more general procedure is needed to compute the &-invariant. VIII* Fox-Lyndon resolutions* We now give a method for constructing a free resolution of a group which, for our purposes, is geometrically more enlightening and computationally more economical than the bar construction. (Our construction is similar to that found in [46, 65] .) This method of construction will be used to bridge the gap between the main theorem (Theorem 7.1) and its more constructive analogue (Theorem 9.2).
If C is a (augmented) G-chain complex, then by a free basis of C, written 
where dUJdRj denotes the left coefficient of R 3 in %. Similarly, let w be a set of generators of the left G-module Ker3 3 and W a set of symbols in one-to-one correspondence with the elements of w. Define C 4 as the free left G-module on the symbols W and 3 4 (II ± ) Adjoin a new symbol x ± to x ± and x ± u~ι to r ± , where u is in the free group F(x Of x ± ). ; r+) be a presentation of a group system G with G = lim G. Then a Fox-Lyndon resolution system over 6? is a free resolution system C constructed as follows: Let C° be a Fox-Lyndon resolution (see §VIΠ) of G Q corresponding to (JC 0 : r 0 ). Let C ± be a Fox-Lyndon resolution of G ± corresponding to (JC 0 , x ± : r 0 , r ± ) formed by extending ZG ± ® GQ C°. Then C", C°, C + together with the obvious maps 7_, 7+ under the respective group morphisms g_, g + is a free resolution system over G. Let P, X o , R o , ί/ 0 , W 09 be the constructive basis (see § VIII) of C° and let the induced free basis (see § VIII) of ZG ± ® Go G° also be denoted by the same symbols. Extend this free basis to a constructive basis P, X o U X ± , Ro U Λ ± , U o U Kt, TF 0 U W ± , of C*. Then Proof. From the long exact sequence induced by the short exact sequence
be a constructive basis of C and let
we have that as left G-modules under a isomorphism denoted by a*. 
is a presentation of H^C/C) as a left ZG-module. Thus using the isomorphism d* taking U π to dU Ώ9 we have the first presentation. Next, let C (3) be a left ZG-chain complex such that C (3) and C agree up to and including C 3 and such that C^ ~ 0 for q > 3. Then JΪ 2 C = iϊ 2 C (3) and by the same argument, H 2 C {Z) = H 3 (C/C {Z) ), which gives the second presentation.
Finally, by Definition 6.2, the obstruction k(C, C) is represented by
Hence,
[dU* if t/*e U π since 3Z7 = 0 in H 2 C for all C7e ί/LU U Q \J U+. Π
The following theorem will be used to simplify 2-knot and 3-manifold calculations. We now attempt to understand how significant are the remaining homotopy groups π q K for q ^ 3 for 2-knots. A complete answer to this question would indeed be a four dimensional analogue of the asphericity of 1-knots [53] . The evidence given herein (Theorem 10.1) suggests that the algebraic 2-type 7 completely determines the homotopy type of 2-knot complements. If this is so, then the groups π q K for q ^ 3 are of little significance.
In the termonology of [43], H 2 (G; ZG)Q*H S (G, G; ZG
Since the asphericity of 1-knots essentially means that the algebraic 1-type (i.e., the fundamental group) completely determines the homotopy type of 1-knot complements, we now ask if the analoguous property is true of 2-knots, i.e., QUESTION. If the complements of two smooth (or locally flat PL) 2-knots are of the same algebraic 2-type 7 , then are their complements of the same homotopy type?
In an attempt to gain some insight into the above question, we give the following definition. DEFINITION [48] ; and by Theorem 3 of [48] It is easy enough to show that the class of QA knots is immense. It is proven in [26] If all 2-knots were QA, then the above question would be resolved. However, this is not the case. Recently, Gonzalez-Acuna and Montesinos [26] have constructed an n-knot (n ^ 2) with infinitely many ends, thus solving problem 40 of R. H. Fox [22] . Ratcliffe in [55] has pointed out that this example has a group of the form given in Theorem 10.3 above, and hence, is not QA. In light of Theorem 10.4 above, the examples of [26] are indeed remarkable. XI* Miscellaneous corollaries on 2-knots* We list below a number of miscellaneous corollaries. The following corollary is an immediate consequence of J. H. C. Whitehead's certain exact sequence [67] . COROLLARY [67] . (See also [45] .) REMARK. If K is the exterior of a smooth (or locally fiat PL) QA 2-knot or of a connected QA 3-manifold, then the above corollary can be used to compute π z K from π 2 K. (For details see [45] .) From [12, 13] and from Theorem 10.1 it follows that COROLLARY 11.2. // K is the exterior of a smooth QA 2-knot and if π 2 K = 0, then K is a homotopy l-sphere.
Let Q be a topological space such that (1) Q is homotopic to a Z-dimensional CW complex. (2) The third homology group of the universal cover of Q vanishes. Then π 3 Q as a π L Q-module is isomorphic to Γ(π 2 Q), where Γ denotes the functor defined in
Since all 1-knot groups are of homological and cohomological dimension at most 2 (see [9, 51] or Remark 2 in § VIII), we have: 
geG'
Hence, π 2 Kj^π 2 K -Z n Φ 0, where n is the order of G', and by Corollary 11.6, kK Φ 0.
• XII* Conclusion: Problems and more problems* We list below a number of problems which as far as I know are still unresolved. PROBLEM [5] has pointed out that every 2-dimensional CW complex has a subdivision which has an aspherical splitting. PROBLEMS [13] [14] [15] [16] . These problems can be found in the addendum. Let dU 0 also denote the induced solutions of (*±) over Zπjί ± . Let ΘU ± U dU 0 denote a set of generators of the left Zπ λ K ± -module of solutions λ± of equation (*±) over Zπ ί K ± . Each solution of (*±) over Zπ x K ± induces a solution of (*•) over Zπ λ K. Let ΘU_ \JΘU 0 \J ΘU+ also denote these induced solutions of (*•) over Zπjί. Finally, let ΘU_ U dU 0 U dU Ώ U ΘU+ denote a set of generators of the left Zπ x K-module of solutions λ α of (*•) over Z x πK. Then ΘU Π is a set of generators of π 2 K as a left i^if-module.
A complete set of relations among the generators ΘU Π of π 2 K is computed as follows. Linearly order the set dU_\JdU 0 {JdU Ώ {JdU+ such that dU a _ <ΘU β0 < ΘU δΠ < dU ΐ+ for all α, β,y,δ.
Let dR a be a set of symbols in 1 --1 correspondence with the relators r a for a --, 0, +. Give dR_ U dR 0 U BR+ the linear ordering induced by that on r_ U r 0 U r+. Let dUJdRi denote the component of the vector dU σ corresponding to r z for all dU σ in ΘU_ U ΘU 0 U dU D U dU+ and for all r t in r_ U r 0 U r+. And consider the equations
where the rows and columns of the above matrices are ordered according to the above constructed linear orderings. 10 is a complete set of relations in π 2 K among the generators 9 Z7 D . Hence, 9 Rows in decreasing order from top to bottom. Columns in increasing order from left to right. 10 Rows ordered as in footnote 9. Columns in decreasing order from left to right.
is a presentation of π 2 K as a left Z^K-modxxle.
Finally, let W, U, R be a set of symbols in 1 -1 correspondence with the elements of ΘW, ΘU = ΘU_ U βU 0 U BU Π U 8ί/+, 812 = 0R_ U &R 0 U &R+, respectively and let C 4 , C 8 Proof Theorem 9.2 gives a presentation of π 2 K and a repre* sentative of the ^-invariant. Since the presentation (JC 0 : r 0 ) of π x K Ό is chosen to be aspherical, it follows from Theorem 9.3 that dU Q = 0 =dW Q .
Moreover, for both Heegaard splittings of closed connected 3-manifolds (see [32] ) and hyperbolic splittings of 2-knots (see Theorem 7.4), π t K ± is of homological dimension one. Hence, since the morphisms g±: π λ K ± -> π x K induced by inclusion are both epimorphisms, it follows from Theorem 5.4 that the set dU ± can also be obtained by finding a set of generators of the left Z^K-moάule of solutions λ of (*) over Zπjί (rather than Zπ x K ± ) such that the components of λ corresponding to r ψ all vanish.
• OBSERVATION 1. There exist aspherical presentations (ΛΓ 0 : r 0 ) of πJ^Q. (A presentation is aspherical if its associated 2-complex is aspherical.) Such presentations are easy enough to find. For Heegaard splittings the usual presentation of the fundamental group TΓxiζ) of the 2-manifold K o can be chosen. (See [7] .) For hyperbolic splittings, the Wirtinger presentation of π λ K 0 with one relator deleted is aspherical. (See [11] .) Moreover, any presentation derived from an aspherical presentation by applying a finite sequence of Tietze (Π)* 
